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The purpose of this note is to record an observation about quantum unique ergodicity (QUE) which is relevant to the recent construction of H. Donnelly [D] of quasi-modes on nonpositively curved surfaces and to similar examples known as bouncing ball modes [BSS, H] on stadia. It gives a rigorous proof of a localization statement of Heller-O'Connor [HO] for eigenfunctions of the stadium. The relevant manifolds (or domains) have ergodic geodesic flow and but possess quasimodes which concentrate in a singular way on weakly stable (open) Lagrangean submanifolds invariant under the geodesic flow.
QUE concerns the matrix elements Aϕ i , ϕ j of pseudodifferential operators relative to an orthonormal basis {ϕ j } of eigenfunctions
where dL is the (normalized) Liouville measure on the unit (co-)tangent bundle. The term 'unique' indicates that no subsequence of density zero of eigenfunctions need be removed when taking the limit. At this time, no ∆ have been proved to be QUE and none have been proved to be non-QUE; the examples mentioned above [D, H, BSS] are expected to be non-QUE. For background on QUE and on QE in general we refer to [D, S, Z] .
The main result of this note is that all off-diagonal terms of QUE systems tend to zero if the eigenvalue gaps tend to zero. This strengthens the conclusion of [Z] that almost all off-diagonal terms (with vanishing gaps) tend to zero in general QE situations. As will be seen below, it also provides evidence that Donnelly's examples are non-QUE.
where a ∈ C ∞ (S * M). Let {λ i , λ j } be any sequence of pairs with the gap λ i − λ j → 0. It is then known that any weak* limit dν of the sequence {dΦ i,j } is a measure invariant under the geodesic flow [Z, D] . The weak limit is defined by the property that
If the eigenfunctions are real, then dν is a real (signed) measure.
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Our first observation is that any such weak limit must be a constant multiple of Liouville measure dL. Indeed, we first have:
Taking the limit along the sequence of pairs, we obtain
It follows that dν << dL (absolutely continuous). But dL is an ergodic measure, so if dν = f dL is an invariant measure with f ∈ L 1 (dL), then f is constant. Thus, dν = CdL, for some constant C.
We now observe that C = 0 if ϕ i ⊥ϕ j (i.e. if i = j). This follows if we substitute A = I in (1), use orthogonality and (4).
This has implications for quasi-modes or order 0 for ∆. By definition, such a quasi-mode {ψ k } is a sequence of L 2 -normalized functions which solve
for a sequence of quasi-eigenvalues µ k . By the spectral theorem it follows that there must exist true eigenvalues in the interval [µ k − δ, µ k + δ] for some δ > 0. Moreover, if E k,δ denotes the spectral projection for the Laplacian corresponding to this interval, then
For background on such quasi-modes, we refer to [CdV, D] . Given a quasimode {ψ k }, the question arises of how many true eigenfunctions it takes to build it modulo small errors. Precisely:
Definition: We say that a quasimode {ψ k } of order 0 with ||ψ k || L 2 = 1 has n(k) essential frequencies if
Obviously, n(k) ≤ N(k, δ), the number of eigenvalues in the interval [µ k − δ, µ k + δ]. Weyl's law for ∆ allows considerable clustering and only gives N(k, δ) = O( √ k) for general surfaces, with logarithmic improvements in many cases. However, a typical interval has a uniformly bounded number of ∆-eigenvalues in dimension 2, and this suggests that n(k) ≤ C for Donnelly's example and for bouncing ball (quasi-modes) [D, H, BSS] . We now observe that this boundedness would imply ∆ is non-QUE. A similar assertion is made in [HO] , though without a proof in the mathematical sense.
Proposition 0.2. If there exists a quasi-mode {ψ k } of order 0 for ∆ with the properties:
Proof. We argue by contradiction. If ∆ were QUE, we would have (in the notation of (5):
by Proposition 0.1. This contradicts (ii). In the last line we used
The assumption that n(k) ≤ C could be weakened if we knew something about the rate of decay of the individual elements | Aϕ j , ϕ j − S * M σ A dL|.
We close with a number of remarks and problems concerning the notion of 'scarring'. This term is used in a variety of ways. A sequence of eigenfunctions is sometimes said to 'scar' of the associated limit measure has a singular component relative to Liouville measure [S] . However, physicists such as E. Heller [H] often take the term to mean any deviation from random matrix predictions.
The observations above suggest further definitions in terms of wave packets or quasimodes. Possible criteria of scarring are that one can build a quasimode with a singular limit and (i) with anomalously few essential frequencies, or (ii) with anomalously low order.
The following problems thus seem interesting.
• Bound the number n(k) of essential frequencies of a quasimode {ψ k } of order 0 which tends to a singular (i.e. non-Liouville) classical limit, e.g. a periodic orbit measure.
• Bound the order of a quasimode with a singular limit, i.e. the diameter of the set of eigenvalues which compose the packet.
